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of the analytical approximate solution are examined and validated
for the MDCWR. In addition, under the off-design conditions, the
decreases in L/D and static margin are slight even though the an-
gle of attack and Mach number alter. Moreover, after comparing
the ECDWR with the present waverider, the advantage of longitudi-
nal curvature is verified by an increased volumetric ratio, enhanced
L/D, and wider range of flight conditions than ECDWR. Notably,
the viscous drag will increase considerably, as a percentage of the
total drag, as the generating angle for the waverider decreases and
as the flight conditions result in turbulent flow.
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Momentum and Vortex Theory
of Rotor Blade Wakes
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Introduction

HE customary impulse-momentum theory for a rotor disk in

vertical flight establishes a relation between thrust and induced
velocity in the far wake. Steady frictionless flow is assumed, and
uniform ambient pressure in the far wake, corresponding to infinitely
many blades. The exact flow in the wake due to a finite number
of blades can be calculated using vortex theory. The customary
approximation is to assume a rigid vortex sheet, which flows down
with uniform wake velocity for the ideal rotor operation.

Prandtl’? has used the approximation that the blade lift from
momentum theory only differs substantially at the blade tips. He
approximated the flow from the blade tips in the far wake by a
two-dimensional flow of parallel half-infinite vortex sheets. This
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model is a good approximation of the exact calculations of the rigid
vortex model by Goldstein.? Goldstein’s model has led Theodorsen*
to conclude that the pressure in the far wake is higher than the
surrounding atmospheric pressure, contrary to impulse-momentum
theory. More recently Bramwell>~7 has used the two-dimensional tip
vortex sheet approximation of Prandtl to calculate the overpressure
(P — P} p = %VOZO in the far wake, where V,, is the uniform
flow velocity outside upwards, relative to the vortex sheet cascade,
and the surrounding atmospheric pressure is p... This contradicts
the assumption and conclusion of the impulse-momentum theory,
albeit by a small amount. In a recent revision of Theodorsen’s theory,
Ribner® still uses this result.

However, this theory cannot be correct. Betz” has pointed out that
horizontal finite forces at the vortex sheet tips would be required to
sustain the rigid vortex sheet, and the absence of these forces is the
cause for roll-up.

It will be shown subsequently that, to correct the unbalance from
the rigid state, the very edge of the vortex sheet, with infinitesi-
mal vortex strength, moves upwards with infinite velocity, therefore
creating an unsteady flow with a corresponding additional pressure
field. This concept was presented originally in Ref. 10.

Vortex Sheet Cascade

As approximation the two-dimensional flow over a cascade of
finite width sheets is used. The potential flow is obtained by con-
formal mappings like those given by Kober!! or Betz.!> The width
of the cascade is taken as 2, the right edge being at x = 1, and
the pitch as k. The loading of the elliptic wing is approached as
h — oo with constant downwash velocity V,,, Prandtl’s tip wake
flow is approached as # — 0 with constant product V. h, and
uniform rectangular loading is approached as A — 0 with con-
stant V.

Steady Flow

The pressure of steady flow relative to the vortex sheet from
Bernoulli’s equation is shown as carpet plot along lines parallel to
the vortex sheets in Fig. 1 for A = 0.5. Practical values of & are
of this order. As an example, the Westland model 30 helicopter at
max takeoff weight of 12,800 Ib would produce a far wake at hover
with spacing of & = 0.37. The pressure is seen to be almost % pV2
between the sheets except for end effects.

From Blasius’ theorem for steady flow horizontal forces at the
edges, fr = %pVOZQ, are found, where c; is a constant depending
on h. Although these forces would not enter the vertical balance
in momentum theory, they do require the overpressure between
the sheets to satisfy the horizontal equilibrium of half a vortex
sheet.

Unsteady Flow
In this simplified model the unsteady flow starts. when the edge
forces of steady flow are removed instantaneously. Therefore all of
the edge vortices of infinitely small size start suddenly with infinite
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Fig.1 Steady part of pressure of cascade, i = 0.5.
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velocity upwards, such that no force results from the Kutta lift
theorem. This is the beginning of the roll-up of the vortex sheet.
The roll-up is therefore not a matter of stability but a matter of
equilibrium.

The vorticity on the edge of the sheet as x — lisfound as y =
2¢, Vo /4/(1 — x); therefore, the infinitesimally small edge vortices
are assumed to have strength proportional to dx, dk = ¢3y dx, which
becomes dk = ¢3V4/(dx) as the term (1 — x) — dx. The vertical
velocity just outside the very edge of the sheet as x — 1 is found
as v = ¢4 Vo/4/(x — 1). Therefore, the infinite mean edge-vortex
velocity, which is half of the velocity at the outside of the edge, is
Vi = c4Vio/A/(dx), also as the term (x — 1) — dx. The constants
¢z, ¢3, and ¢4 depend on the cascade pitch k. Therefore the product
dkV, is a finite quantity. Its value can be calculated by equating the
force from Blasius’ theorem to the force from the Kutta lift theorem,
[ = pVi dk, with the result

dkVy = $(h/a)V} (1)

where the constant a = (¥ + 1)/ (e¥/" — 1).

Because there is no physical force available to hold the edge vortex
in the rigid position, it swims upwards with the infinite velocity V,,
creating the unsteady flow of vortex sheets in dynamic equilibrium.
The term d¢/dt in Kelvin’s equation is proportional to the product
of the infinitesimal moving vortex strength and the infinite velocity
V. (The partial differential is written in a modern form according
to Ref. 13.) As a result, an unsteady part of the pressure propor-
tional to the finite product dkV; is contributed by the moving edge
vortices.

The unsteady part of the edge force is computed from the unsteady
part of Blasius’ equation (see Ref. 14) and turns out to be equal but
opposite to the steady edge force. Therefore, the total edge force in
unsteady flow is zero as required by equilibrium.

The unsteady part of pressure from Kelvin’s equation is shown
as carpet plots along lines parallel to the sheet in Fig. 2. For small
pitch £ it is also constant between the sheets except for end effects
and equal but opposite to the steady part. The resulting unsteady
pressure at sections parallel to the x axis is shown in Fig. 3. At
small pitch % this tends to constant ambient atmospheric pressure
inside and outside the cascade, except for the infinite end effects at
the edge vortices. The blade loading from the vortex sheet theory is
not affected by the unsteady motion.

It can be shown that the infinite edge vortex velocity V, — %Voo
and that the edge vortex density dk/dy — V as the cascade pitch
h — 0 for infinitely many blades. This corresponds with the correct
relative velocity and vortex density of the vortex walls in equilibrium
that separate the uniform wake of a rotordisk from the ambient
atmosphere. The velocity % Vo also corresponds with the result given
by Betz’ for the approximate velocity of tip vortices of the propeller
wake.
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Fig. 2 Unsteady part of pressure of cascade, k = 0.5.
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Fig.3 Unsteady pressure of cascade, i = 0.5.

Approximation by Discrete Vortices

The theory of the unsteady motion of the cascade of vortex sheets
is tested numerically with an infinite cascade of discrete vortex rows,
along the same lines as by Moore,' but the edge vortex strengths
were adjusted to obtain a uniform induced velocity at the inside
vortices. Steady pressure and unsteady pressure from Bernoulli’s
and Kelvin’s equations were calculated. The results were in excellent
agreement with the theoretical for as few as 10 vortices.

Conclusions

The result of the unsteady theory is that the pressure in the far wake
is equal to the ambient pressure, which is the same as the assumption
of customary impulse-momentum theory. Therefore, the theories of
impulse momentum and vortex sheets do correspond if the unsteady
motion of the rolling up of the vortex sheets is not neglected, as this
would constitute incorrect forces on the wake.

There is no reason to doubt the overpressure measurements in
the wake reported by Bramwell,>7 but according to the preceding -
theory the explanation for that must be searched outside frictionless
flow of the infinite wake.
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